1. Introduction. We describe two methods, relevant to the study of Saint-Venant's principle, for the derivation of decay estimates in a linear isotropic homogeneous elastic nonprismatic cylinder loaded by prescribed end displacements and with fixed curved lateral surface. The results and associated calculations are expressed in terms of integrals taken over plane cross sections of the cylinder rather than averages over partial volumes as in many previous discussions. (See, for example, Toupin [25] , Oleinik and Yosifian [23] , and Fichera [6, 7] ; other references to this and related issues may be found in the comprehensive survey by Horgan and Knowles [15] .) A notable exception is the investigation by Biollay [1] who examines the three-dimensional semi-infinite prismatic beam with lateral sides held fixed and data specified over the base of the cylinder. (We also mention in this respect the study by Knowles [19] of the semi-infinite plane strip with lateral sides stress-free.) An exponentially decreasing decay rate is obtained which, of course, is a common feature of most studies of
1. Introduction. We describe two methods, relevant to the study of Saint-Venant's principle, for the derivation of decay estimates in a linear isotropic homogeneous elastic nonprismatic cylinder loaded by prescribed end displacements and with fixed curved lateral surface. The results and associated calculations are expressed in terms of integrals taken over plane cross sections of the cylinder rather than averages over partial volumes as in many previous discussions. (See, for example, Toupin [25] , Oleinik and Yosifian [23] , and Fichera [6, 7] ; other references to this and related issues may be found in the comprehensive survey by Horgan and Knowles [15] .) A notable exception is the investigation by Biollay [1] who examines the three-dimensional semi-infinite prismatic beam with lateral sides held fixed and data specified over the base of the cylinder. (We also mention in this respect the study by Knowles [19] of the semi-infinite plane strip with lateral sides stress-free.) An exponentially decreasing decay rate is obtained which, of course, is a common feature of most studies of Saint-Venant's principle and whose underlying explanation is contained in the papers by Kirchgassner and Scheurle [17] and by Ladeveze [20] ,
The estimate, however, of Biollay also involves an amplitude function whose magnitude is related to the decay factor. The methods presented here do not suffer this defect and indeed the straightforward calculations together with the applicability to nonprismatic cylinders are seen as some of the advantages. The first method reduces the problem to a nonautonomous second-order differential inequality for the mean-square cross-sectional integral of the displacement and proves in part that this measure is a convex function of axial distance. (A similar technique has been used by Flavin and Knops [9, 10] in related two-dimensional problems.) Immediate criticisms of the method are that it is valid only for a restricted range of the elastic moduli and near the upper limit of this range produces a decay rate inferior to that given by Biollay. These deficiencies are absent from the second approach which relies upon a first-order differential inequality for a cross-sectional integral involving the "Received July 12, 1988. ©1989 Brown University 325 displacement and its gradient. Both methods described yield estimates of decaying exponential type although more precisely when the cylinder is of semi-infinite length, the results state that either the measure grows faster than some function of axial distance, typically a growing exponential, or it decays faster than another function of axial distance, typically a decaying exponential.
In Sec. 2, we set down the basic equations and boundary conditions governing the solution to the problem under consideration. Section 3 contains the derivation and discussion of the second-order differential inequality which is valid for a cylinder of both finite and semi-infinite length. Since the comparison theorem reduces the analysis to the study of the associated differential equation whose theory is well known, we content ourselves with a brief indication of possible results, particularly emphasizing those yielding decay estimates. For the semi-infinite cylinder, such estimates are valid under various conditions on the asymptotic behaviour, including those imposed by Knops and Payne [18] and Galdi, Knops, and Rionero [11] in their discussions of the analogous nonlinear problem for the prismatic cylinder by means of weightedenergy arguments. These authors also derived mean-square cross-sectional estimates of exponentially decaying type.
Section 4 is devoted to the treatment of the first-order differential inequality for the cross-sectional measure involving the displacement and its gradient. This measure forms part of the work done by the external forces acting over the ends of the cylinder and the estimates obtained are again valid for the finite and semi-infinite cylinder. We also show how the estimate may be utilized to yield a second bound for the measure introduced in Sec. 3, which accordingly is not subject to either of the criticisms already noted. Finally, in this section, we briefly indicate how the method may be extended to a corresponding problem in linear elastodynamics.
In the concluding section, we discuss the axisymmetric problem and introduce a third mean-square measure, involving displacement gradients, which is shown to satisfy a second-order differential inequality similar to that already considered in Sec. 3. However, the advantage of this third measure is that it may be further employed to derive pointwise decay estimates for the displacement components which are valid up to the boundary.
Throughout the paper we adopt the comma notation for partial differentiation and also the summation convention with Latin symbols ranging over the values 1, 2, 3, while Greek symbols take the values 1, 2.
2. Notation, basic equations, and assumptions. We consider a nonprismatic cylinder B with plane ends and select a rectangular system of coordinates such that one end of the cylinder lies in the {x\ .^-coordinate plane and contains the origin. We suppose that the length of the cylinder is L and that D(x3) c R2 represents the bounded cross section at distance X3 from the plane end. We distinguish between finite and infinite values of L and thus separately discuss cylinders that are respectively of finite and semi-infinite length. The boundary dD of each cross section is assumed sufficiently smooth to admit application of the divergence theorem in the plane of the cross section. The cylinder is occupied by a homogeneous isotropic compressible linear elastic material maintained in equilibrium by specified displacements over the plane ends with the lateral sides of the cylinder held fixed at zero displacement. No body-force acts.
We assume the existence of a sufficiently smooth displacement vector u{x) satisfying the following well-known conditions of our problem:
Here, Uj{x) are the components of the displacement with respect to the given cartesian axes, gj(x\,xj) and hi{x\,x2) are specified functions, and a is a constant which in terms of the Lame constants X and n is given by
For a positive-definite strain-energy, a lies in the range 1/3 < a < oo. However, we suppose only that the Lame constants are such that q > 0. (2.6) Let us also recall the following subsidiary result required in the subsequent calculations. Let A(.X3) denote the first eigenvalue in the two-dimensional clamped membrane problem for the cross section D{x$). That is, X is the first eigenvalue corresponding to the boundary value problem for the function v(xi,x2):
We require the variational characterization of X contained in the well-known inequality
where <p(x 1,^2) is an arbitrary Dirichlet integrable function vanishing on dD. A lower bound for ^(*3) is provided by the Faber-Krahn estimate
where A(xj) is the area of D(x3) and jo is the smallest positive zero of the Bessel function Jo(y). Frequently we assume that 0 < Xm < A(x3), Vx3, (2.11) where Xm is constant, although in several instances we are able to relax this condition.
3. A second-order differential inequality and related estimates. In this section we discuss decay estimates for the displacement vector measured by an L2-norm over a plane cross section of the cylinder. As already mentioned in the Introduction, the method employed restricts the range of elastic moduli, but for those values of the moduli in the range of validity, the method leads to especially simple estimates with a natural form for the amplitude. We first derive a second-order differential inequality and then after integration derive several estimates and related properties. We deal with cylinders of both finite and semi-infinite length, the distinction appearing, of course, only in the integration of the differential inequality and not in its derivation. The next section describes an alternative approach valid for all physically acceptable elastic moduli, but which is comparatively less direct.
3a. The differential inequality. Let us consider the function F(x3) defined by
where a is a positive constant to be chosen later. We wish to establish a differential inequality of the form F"(x3) > k2(xs)F(x3) (3.2) whose integration will lead to the desired estimates for F(x3 An equality of type (3.2) is clearly violated whenever F"(x3) fails to be positivedefinite. However, as can be readily seen from (3.5), the positive-definiteness of the quadratic integrand on the right imposes a restriction on the choice of the coefficients a and a. Indeed, the last integral in (3.5) may be replaced using the relations / up yUp:,dx\dx2> / upr,uyp dx\ dx2 = / up _pu7,y dx\ dx2, (3.6)
and then standard conditions show that for positive-definiteness to hold it is necessary and sufficient for a and a to satisfy
which in turn restricts a to satisfy a2 <4(1+a) (3.8) or, equivalently, 0 < a < 2(1 + V2) = 4.828. (3.9) In terms of Poisson's ratio, v, condition (3.9) becomes v < 0.396. (3.10) In order to establish inequality (3.2) subject to (3.7), we apply the arithmeticgeometric mean inequality to the second and fifth terms on the right of (3.5) to obtain:
where c\, c2, and C3 are positive constants and the relations (3.6) have been used. We now set
With this choice, which implies c2 < \ and is consistent with (3.7), the inequality (3.11) becomes
Uj pUj p dx\ dx2, (3.14)
JD ( In either case, a must satisfy (3.8) .
An appeal to inequality (2.9) then leads at once to F"(x3)>m2X(x3)F(x3), (3.18) which is clearly of the desired form (3.2). We note that the eigenvalue A(jt3) may be replaced by the lower bound given by the Faber-Krahn inequality (2.10). In particular, when the cross sections of the cylinder possess the same area but not necessarily the same shape or orientation, the coefficient of F(x3) in the resultant inequality reduces to a constant. Let us further observe that the coefficients of the integrals in (3.13), and therefore the respective values of m in (3.14), tend to zero as the modulus a tends to the maximum permitted by the range of validity (3.7) or (3.8).
3b. Behaviour of F(x3). Decay estimates. This subsection discusses the integration of the differential inequality (3.18) with the aim of establishing upper and lower bounds on the function F(x3) leading to a description of its evolutionary behaviour. Such properties, of course, may be derived from the standard comparison theorem (see, for example, [24] ) combined with the well-known theory for the corresponding equation obtained from (3.18) when the inequality is replaced by equality. (See, for example, [5] , [13] , [14] .) Nevertheless, we prefer to present what is perhaps a more direct treatment yielding estimates that are either apparently new or not readily available in the literature. We begin, however, by listing properties of F(x3) that easily follow from its convexity with respect to the variable X3 inherent in inequality (3.18). 
(vii) the function F(x3) has at most one extremum on [0,L] or is identically constant.
Similar properties hold on (0,oo) provided suitable asymptotic behaviour is imposed on F(x3) for large values of its argument.
Further evolutionary properties depend upon consideration of a second inequality derived from (3.18) according to the following lemma.
Lemma 3.1. Let 0(xi) be a differentiate function, satisfying the inequality which on rewriting leads immediately to (3.20) and hence (3.23). Lemma 3.1, which is valid for the cylinder of either finite or semi-infinite length, shows that the exponentially weighted function F(x3) is convex with respect to the variable a. We obtain our results by variously exploiting this property for selected values of the function 0(*3). The reader will be able to establish further conclusions by means of the same general approach. We discuss in detail the case of the cylinder of finite length to illustrate the method, and then briefly indicate modifications required for the extension to the semi-infinite case. We conclude the subsection with some additional results.
Our first set of results on (0,L) is based on the inequality
which follows immediately from the convexity of F(xj) as given by (3.23) . Note that (3.25) is exact at both *3 = 0, *3 = L. Furthermore, when the displacement is specified zero on X3 = L, inequality (3.25) may be simplified to yield
In order to render either (3.25) or (3.26) precise, special choices depending on the behaviour of A(*3) must be taken for 6{xi) and hence (3(xs) . For example, we may establish the following properties. Proof. Set 6(x3) = \/Am/A(x3) in (3.25) . Assumption (3.27) includes the case of monotonically increasing (decreasing) A(x3) with A(0) > 0 (resp. A(L) > 0). The last condition is removed in the next result.
Proof. Set d(x3) = 1(-1).
It is possible to derive an estimate when A(X3) violates assumption (3.27) and is not monotonic. We have Proposition 3.4. Let
When F(L) = 0, the inequalities contained in Proposition (3.2)-(3.4) simplify to (3.26) with the respective values of P(xi).
We next integrate (3.23), first over (0,^3) and then over (x3,L), to obtain 
Proof. Set 0(x3) = -1, so that /?(x3) = -^/Mx3] in (3.29).
Clearly, similar upper bounds may be derived from (3.29) using the choices of 0(^3) corresponding to the different conditions on A(x3) stated in Propositions (3.2)-(3.4).
We now turn our attention to the semi-infinite interval and first derive a necessary condition for the function f(x3) to become unbounded for large values of X3. Proof. By a Taylor series expansion, we obtain from (3.23) the inequality (3.35) from which the result follows on application of l'Hopital's theorem. By imposing conditions on the asymptotic behaviour of F(x3) we may prove that F(x3) must actually decay. These results are analogues of Propositions 3.2-3.4, and hence are easily derived. We therefore content ourselves with the statement and proof of only one such result which, it will be noticed, is akin to a PhragmenLindelof principle, reminiscent of several results previously obtained in the study of Saint-Venant's principle. Maz'ya and Plamenevskii [22] establish a similar result for solutions that are separable obtaining the decay rate Am/(a + 1)1/2 which is faster than that given by (3.38). However, our result holds for all solutions and not only for those in the class considered in [22] . Proof. We use inequality (3.25) together with d(xi) = sJ{XmIX{x{)). By imposing conditions on the asymptotic behaviour of both F{x{) and its derivative it is possible to obtain additional decay estimates based on the following inequality:
which is a consequence of integrating (3.23) first over (*3, L) and then over (0,x3).
As an example of results of this type, we have the next two propositions. Proof. Set 6{x3) = y and use (3.39).
We conclude this section with some remarks. Remark 3.1. Inequality (3.18) clearly also holds on cylinders of infinite length, which immediately enables us to establish an analogue of Liouville's theorem. Proposition 3.10. Assume that (3.18) holds on (-00,00). Then either the displacement as measured by F(x3) is unbounded as X3 -► +00 or X3 -> -00, or the displacement is identically zero.
The proof of the Proposition, included here for completeness, is an easy application of the properties of a convex function. The same approach has been employed in a more general context by, for example, Brezis and Goldstein [4] , Levine [21] , and Goldstein and Lubin [12] .
Proof. We suppose that F'(x3) ^ 0 at some fixed point X3 = t. Then, by (3.18), F"(x-i) > 0, X3 € (-00,00), and hence F(x3) is a nonnegative, nonconstant convex function on (-00,00) and is therefore unbounded. On the other hand, when F(x3) is everywhere bounded, we must have F'(x3) = 0, for all x3. Thus, F"(x3) = 0, for all x-s and so by (3.18), we have F(x3) = 0 on (-00,00). The proposition is therefore proved.
A similar result involving the strain (Uij + Ujj) has been discussed by Kinderlehrer [16] . which, on setting P(x3) = Fe(x3), e = 1 -S/4 > 0, as S < 2, leads to P"(x3) > em2^{x^)P{x-i).
We thus recover an inequality of the same form as (3.18) and all the previous arguments are immediately applicable. For example, the analogue of (3.38) becomes which, since e < 1, represents an improved decay rate. Note that now, however, the range of a is determined additionally by choice of S and is always included in that for d = 0.
Remark 3.3. While the basic inequality (3.18) has been established only for a limited range of elastic moduli, nevertheless the various estimates that have been derived are valid for all x3 > 0. The decay estimates hold arbitrarily close to the base load region and are not invalidated within some boundary layer.
Remark 3.4. It is also worth emphasizing that the rate of decay in most other available estimates deteriorates as the incompressibility limit is approached. This may thus be a further factor contributing to the limitation on the moduli apparently essential to the present approach.
Remark 3.5. The Faber-Krahn inequality (2.10) may be used to replace ^(^3) by A~\xi) in the basic inequality (3.18). Then Propositions (3.2)-(3.9) continue to hold but with conditions on A(X3) replaced by appropriate conditions on A(x3). 4 . A first-order differential inequality and related estimates. We now describe a second method for discussing the behaviour of the solution to the boundary value problem (2.1)-(2.4). Unlike the approach considered in the previous section, the arguments used, while in passing involve volume integrals, do not restrict the elastic moduli. Nor is it essential to require any a priori asymptotic decay assumption of the solution in the case of a semi-infinite cylinder. Our method yields an alternative theorem of Phragmen-Lindelof type.
Thus, let us introduce the function Of course, in each of the previous inequalities, A(x3) may be replaced by its lower bound (2.10).
In the special case of constant cross-sectional area, we observe that the Proposition shows that H(X}) either grows at least exponentially in *3 or it possesses at most exponential decay. When the cylinder is a frustrum of a cone so that A(x3) = no(XT, + y)2, where o,y are positive constants, then H(X}) either grows at least like l(*3 + y)/y\l/y/™ or decays at most like [y/(x3 + y)]wM™. Proposition 4.1 is analogous to a Phragmen-Lindelof principle for the present problem and yields decay estimates similar to those obtained by Maz'ya and Plamenevskii [22] who, however, use entirely different arguments and adopt a different measure for the solution.
The estimate (4.25) is not of practical use until the quantity £(0) is bounded in terms of the prescribed data u,(xlt,0). For simplicity, we assume the cylinder is prismatic, and observe that by Dirichlet's principle, we have £(0)<£ (0) which is the desired estimate involving the data. A result similar to (4.32) may be established for more general regions by means of methods presented, for example, by Bramble and Payne [3] .
We employ Proposition 4.1 to obtain under appropriate conditions an estimate on the behaviour of the displacement as measured by the function F(x3) introduced in Sec. 3. We have it follows from (2.9) that
<X~l(xi) {UijUjj + auuujJ)dxidx2 (4.37)
where the last two inequalities rely upon the positivity of a and H'(x3) is given by (4.4).
We next relate F(x3) with H(x3). Now, we conclude from (4.1) that
so that by Schwarz's inequality and (2.9) we have
where the arithmetic-geometric mean inequality has been employed with c > 0. On taking c = a(l +q)_i/2, it then follows that
where again we have appealed to the positivity of a.
With the help of (4.38), we may express (4.39) as
since by hypothesis H(x3) is negative and we already know from (4.4) that H'(x3) is nonnegative. Finally, on recalling (4.33), we may write (4.40) in the form
and then integrate the last inequality over [X3,00) to obtain
where the terms at infinity vanish by virtue of (4.36), (4.23), (4.25) . The result now follows on using (4.26).
We observe that replacement of the asymptotic condition (4.23) by the stronger requirement that lim F(x3) = 0, x3-»oo enables a shorter proof to be given of Proposition 4.2. Thus, on using (4.17), we have It is possible to derive decay estimates for F(x3) without requiring X(x3) to satisfy condition (4.33). However, A(x3) must have restricted asymptotic behaviour and be monotonically decreasing. When k(x3) is monotonically increasing, the argument of Proposition 4.2 remains applicable provided A(0) > 0, since in this case we have A(0) < A(x3).
The proof of the decay estimate is based on the following lemmas, the first of which does not require monotonicity. from which (4.49) follows on using (4.26) and a further integration by parts. Condition (4.47) is sufficient to guarantee decay of P(x3 where the last inequality follows on using (2.9). On combining with (4.49) we arrive at (4.51).
As a simple illustration of these results, we consider the circular cone given by {x2 + x\)x!2 -0X}, where /? is a positive constant. Then A(jc3) = jlP~2x^2 and so (4.21) is satisfied while (4.42) and (4.47) require /? < joK. Then (4.51) reduces to
valid for x3 > 0.
Remark 4.1. The previous analysis can be easily modified to treat an analogous dynamical problem in which the plane end x^ = 0 of the cylinder is subjected to a displacement of the form gi(x")e'Q' where Q is real and t denotes time.
The steady state displacement field Ui{xa,xi), apart from the exponential time factor e'^', is easily seen to satisfy the system uiJj + aujji + (p£l21 n)u, = 0, xeB, (4.52) with Uj(x",0) = gi(x"), x<teD( 0), (4.53)
where p is the constant density and n the rigidity modulus. A more detailed discussion of such a dynamical system, including damping effects, is given by Flavin and Knops [8] .
On defining H(x3) as in (4.1) it can easily be shown that where the Faber-Krahn inequality (2.10) has been used and once again E(xi) = -H(x3). The estimate (4.60) continues to be valid for a semi-infinite cylinder provided that the condition stipulating the vanishing of m,(xq,x3) at = L is replaced by an asymptotic condition corresponding to (4.23) It is clear that the upper bound for Q implied by (4.56) is a lower bound for the "cut-off' frequency. Explicit upper bounds for E(0) may be derived along lines already discussed using a modified version of Dirichlet's principle.
5. The axisymmetric problem. In this final section, we consider the axisymmetric form of the boundary value problem discussed in Sees. 3 and 4 and obtain decay estimates for a different cross-sectional mean-square measure involving only derivatives of the displacements. The reason for restricting attention to axisymmetry is that the appropriate Sobolev embedding inequalities enable pointwise estimates to be derived for the displacement which are valid up to the boundary. A similar approach has been adopted by Flavin and Knops [9] for the corresponding two-dimensional problem.
We consider a homogeneous isotropic compressible elastic material occupying a region of revolution R. It is assumed that R is either hollow or solid and that it has plane annular circular ends S0 and Sl, separated by a distance L. We introduce cylindrical polar coordinates (r,8, z) with origin 0 in the end So and such that the z-axis coincides with the axis of symmetry of the body. We suppose that R is given by R = {(r,6, z): r\(z) < r < r2(z), 0 < 6 < 2n, 0 < z < L}, so that when R is hollow we have r\{z) > 0, while when R is solid we put rx(z) = 0. The functions ry(z), y = 1,2, describing the shape of the curved boundary are assumed to be twice continuously differentiable. Further restrictions are imposed later.
We suppose, as before, that the body is deformed by specified displacements on the plane ends So, Sl, and that on the lateral surfaces the displacement is zero. On denoting the radial and axial components of the displacement by u(r, z) and w(r, z) respectively, we further suppose that, for the solid body, we have u{r,z) = 0(r), u>r(r,z) = 0(r) as r -► 0 (5.1)
where a subscript indicates partial differentiation. We recall that the axisymmetric forms of the equilibrium equations (2.1) when expressed in cylindrical polar coordinates become and hence 0 < a < 2(1 + V2), (5.15) which is the restriction previously derived in (3.23).
As in Sec. 3, we wish to show that Q(z) satisfies a differential inequality of the type (3.2), but to achieve this we must first dispose of the term A(r, z) appearing in (5.12). Accordingly, we suppose that the lateral surfaces are such that for the solid Restrictions on the shape of the lateral surface are to be expected since portions resembling re-entrant angles must be excluded. At such angles, the displacement gradients are likely to be singular. These last two conditions, together with (5.1) and (5.14), then show that Q"(z)>0. However, to derive a stronger differential inequality of type (3.2), we require the following two inequalities which are immediate consequences of the standard variational inequalities. °6=2b" ( } The choice (5.28) reduces the right side of (5.12) to a quadratic form similar to that on the right side of (3.13) which immediately leads to the stated values of m2. We may now discuss (5.26) along the lines of Sec. 3(b) and obtain decay estimates similar to those derived before. Thus, for example, when the displacement at z = L is specified to be zero, we recover an estimate analogous to (3.26). However, the principal aim of this section is to derive pointwise estimates for the displacement components. We require the inequalities contained in the next lemma (cf. [2] ). where 0 < £ < r2. Pointwise bounds for u,w which reflect position and which are valid up to the boundary for both the hollow and solid region, follow upon using Lemma 5.3 in conjunction with, say, the estimate analogous to (3.26) , and the readily verifiable inequalities (ruj + r~xu2)dr < Q(z), f< b J rwj dr < Q(z).
In the case of the solid cylinder, however, the relevant bound for w degenerates on the axis of symmetry in accordance with (5.29).
